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Abstract-We developed a model to estimate forces on ogive-nose penetrators launched into
reinforced-concrete targets. Post-test target observations and triaxial tests on samples cored from
concrete slabs guided the model development. The cylindrical. cavity-expansion approximation
simplilied the analysis to one-dimensional. radial motion. and an iterative procedure provided the
solution t~'Chnique for the partial differential equations. Graphical results show forces on nose
shapes for a practical range of penetration veloc;ties.

INTRODUCTION

Studies on penetration of non-defonning projectiles into concrete and geological targets
usually focus on the prediction and measurement of penetration depth or deceleration
history[ I]. Theoretical models use solution techniques that may be grouped into three main
categorics: empirical equations fit to test data[2]; models that approximate the target
rcsponse hy one-dimcnsional motion using cavity-expansion methods[3]; and wave-codc
analyscs[4J.

For this sludy. wc uscd thc cylindrical. cavity-expansion approximation. As shown in
Fig. I, this approximation idealized thc targct as thin. indcpcndcnt layers normal to thc
pcnctration dircction and simplified the analyscs to onc-dimensional motion in thc radial
dircl.:tion. Triaxial matcrial tcsts[5] on samples corcd from concrctc targcts used for full
s«.:alc. penetration tests guided the choice of wnstitutive models. figure 2 shows pressure ~

volumclri«.: strain and shear strength - pressure data for concrete samples that were tcsted
at 4. 24. and 4R months. We approximated these data with a linear. pressure volumetric
strain relation and a constant, shear strength (Tresca) failure criterion.

Post-test. rcinforced-«.:oncrde targets have a conical shaped entry crater followed by a
tunnel with nearly the same penetrator diameter. Crater depths are usually one to two nose
lengths depending on the location of the reinforcing rods from the free surface of the targets.
Although we have no available pcnetrator, deceleration-time data for reinforced-concrete
targets. deceleration-time profiles for rock targets[l] show a monotonic rise to a peak value
at :lbout the time the tunnel is developed. The cylindrical. cavity-expansion assumption
approximates this tunnel phase of penetration. In addition, we assumed that the only
fun«.:tion of the reinforcement was to prevent radial cracks from circumferential tensile
stresses.

Earlier penetration modcls[6-8] used the locking-solid approximation to represent
pressure--volumetric strain data. However. Fig. 2 shows that this relationship is nearly
linear for pressures to about 400 MPa. If, however, pressure-volumetric strain data for
different target materials indicate that the locking-solid approximation may be adequate.
closed-form equations that estimate forces on cone-nose and ogive-nose penetrators arc
available. More recently, Forrestal[ I] derived closed-form equations for the motion ofcone
nose penetrators into targets described with linear, pressure -volumetric strain relations.
Within the framework of the cylindrical. cavity-expansion approximation, cone-nose pen
etrators produce constant, cavity-expansion velocities and permit the use of a similarity
transformation. This transformation reduces the partial differential equations that govern
radial motion to ordinary differential equations. The resulting differential equations arc
solved numerically[9] or in closed form with an iterative technique[l].

t This work was supported by the U.S. Department of Energy.
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Fig. I. Geometry of ogival nose and target response regitlOs.

Ogive-nose penetrators (see Fig. I) do not produce a uniform cavity expansion. There
fore. the governing equations cannot be reduced to ordinary differential equations with a
similarity transformation. Thus. for this study. we solved the partial differential equations
with an iterative lechnique. In the following sections we derive expressions for forces on
ogive-nose penetralors as a function of penetration velocity and present parametric results
for several ogivc-nose shapes.

PROIILEM FORMIILATION

A rigid projectile with an ogival nose penetrates a uniform target at normal int:idcncc.
As shown in Fig. I. the problem is axisymmetric and simplified further by using the
cylindrical, cavity-expansion approximation. The ogival nose traveling at penetralion
veloeily V opens a circular cavity in a target layer al time t = O. f"igure I shows that an
ogive is the arc of a circle with radius s and is tangent to the cylindrical aft-body. The nose
shape specil1es the cavity radius f\ and the cavity-expansion velocity df,/dr. Thus
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wherc I is the nose h:ngth and a th;; art-hody radius. It is common [0 delinc all \lgivalllosc
in terms of caliber radius head

CRlI == .I'2a. (!c)

Ncxt. we "pproximatc the ogival nose and cavity-expansion vdocity with the poly
nomlUl appmximations

dr l ",:;ell f"t/l)
tit

(2b)
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The constant:x depends on the rll)SC .;hape (CRH) and is obt'lined from the ini[ial condition
that thc cavity "t"rls with zero radius. An additional criterion requires that thc C<lvity
expansion velocity vanishes at a nose length of penetration. Figurcs ~(a)-(c) show that this
polynomial expression is accurat<::.
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As shown in Fig. I. cylindrical cavity-expansion produces two annular response
regions-a plastic region next to the cavity wall and an elastic region. The plastic region is
described by linear fits to the triaxial test data (Fig. 2). Pressure -volumetric strain and the
Tresca yield criterion arc

p = K(l-Pojp) = Krr (.h)

(3b)

where p is the hydrostatic pressure; Po. P are densities in the undeformed and deformed
configurations; '1 is the volumetric strain; a f • (Io are radial and circumferential stress com
ponents (positive in compression); and Y is the flow stress. The elastic region has bulk
modulus K and Poisson's ratio v.

The plastic region (Fig. I) is bounded by the radii. '1(1) and '2(t); where, is the radial
Eulerian coordinate; t is time; and d'2(t)jdt is the propagation velocity of the elastic
plastic interface. Equations of mass and momentum conservation in cylindrical Eulerian
coordinates are

Ha)

(-th)

where,. is the radial particle velocity (positive outward). As suggested hy lIill[IOI. the a"\ial
stress is taken as a: = (a r +al/)/2. Thus. pressure hecomes I' = (a r +a ll )/2. Next. the non
linear equations for the plastic region arc combined to c1iminal\: a". 1'. The resulting two
equations in a, and I' arc

(5a)

(5h)

Post-analyses evaluation and the data in Fig. 2(a) showed 11 small compared with unity.
and (1-'0 is replaced with unity in eqns (Sa) and (5b).

The clastic region (Fig. I) is bounded by the radii '2(1) and Cdt where (',1 is the dastic.
dilatational. wave vdocity. We an: primarily concerned \vith cakulating radial stress in the
plastic region at the cavity wall in order to obt'lin pem:tration resistam:e. To cakulate
penetration resistance. only radial stress and particle velocity in the elastil.: region at the
elastic plastil.: interface are required. In addition. we approximate the dastic-intcrfac.:e radial
stress and particle vcloc.:ity with the func.:tional forms derived for quasi-static solutions[ I. 101·
We show. later. no loss in accuracy with this approximation. Thus. thl: clastic radial stress
at r = '2 is taken as

where

(6a)

, K
c· - -
r - Po

(6b)

and the clastic particle velocity at , = r 2 is
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(l+v) (Y) drz
t'e =3(1-2v) K dC'

!it

(6c)

The elastic and plastic regions are linked with the Hugoniot jump conditions that
conserve mass and momentum across the wave-front. These mass and momentum conditions
are

( drl) ( dr,)
Pp t'p- dC =Po l'e- d-{- (741)

(7b)

where G'p and l'p are the plastic-interface radial stress and particle velocity, respectively. In
egns (741) and (7b), fie = flo because p =0 in the elastic region[IO].

Net a~ial force is derived in Ref. [8] and given by

(8)

where r, is given by eqn (141) and: = X corresponds to the a~ial position where the target
separates from the ogival nose.

SOLUTION PROCEDURE

For convenieOl.:e. we introduce the dimensionless variahies

l'U- .
- V'

T= Y
K

, _ V.
I,p - -'.

cp

VI

(9a)

(9b)

where a dot refers to dilferentiation with respect to r.
Boundary conditions at the cavity wall and field equations for the plastic region

transform to

and

e,(r) =0(0r(l-r/2)

~I(r) = O(o(l-r)

I0(0 = _._-_.
s-a

c7U U _ (c7S CIS)-.,::-+ • - - -a +U;p
u~, r~,

(lOa)

(lOb)

( lOe)

( Ila)

(II b)
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Boundary conditions for the plastic region at the elastic-plastic interface arc obtained
from eqns (6) and (7). The dimensionless radial stress and particle velocity in the plastic
region at the elastic-plastic interface (~ = ~:) are

( 12a)

( 12b)

in which

( 12c)

Solutions to the non-linear, partial difl"crential equations. cqns (II a) and (11 b). are
obtained with an itaativc procedure. First. set the right-hand side ofeqn (lla) to zero and
solve for U

( I}a)

The function I( r) is evaluated from the boundary condition at the cavity wall U"( ~ = .; I. r)

-, ;1' From eqns (lOb) and (IOc)

U"(~, r) == A~ 1 (13h)

(I.k)

Next. substitute elJn (I Jb) into the right-hand side of eqn (II b) and integrate. This lirst
approximation to radial stress is

(
'" ,) ( I I )S"(~, r) == SI,+(T+).;lJ) In ~. +V,;A: ~~ - ~:

IJ == xl~(1 -·Jr+ ~r:).

(14a)

( 14b)

As with eqn (I Ja), integration of eqn (II b) yields a fUllction q(r) that is evaluated with eqn
( 12a).

This procedure is repeated to obtain the second approximations to particle velocity
U 1 and radial stress ,')". The integration functions /(r). q(r) arc evaluated with the jump
conditions, eqns (12a) and ( 12b). Thus

( 15)

in which M i and N, arc functions of r
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M J ~ ~(I.p:Xo)Z(l- r)

M, ~ -A(T+2i.~B)

and

V .f')-~[lr>~., ~. I J 1'l"·i 5 = - \_/'p J -":Xun( -r) + 'j_

(17a)

( l7b)

( 17c)

(l7d)

(17e)

( 18a)

(I Xb)

( 181:)

(l8d)

( IKe)

As discussed by Hunter[llI. the elastic-plastic interl~lce velocity ~2 depends on the
cavity-expansion velocity ~ I- This interface velocity is calculated from the boundary con
dition at the cavity wall

( 19)

when: ~I is given by eqn (lOb).
After rearrangement. eqns (IOb)and (19) arc written asan explicit, ordinary differential

equation in ~ 2

(20a)
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I}. (20b)

The numerical solution procedure for this ordinary differential equation is described in the
next section. Solutions of ~~. ~~. and ~.~ are used to evaluate the radial stress on the ogival
nose S I (~ = ~ I' r) in eqn (16). When S I (~ = ~ I. r) becomes zero. the ogival nose loses
contact with the target.

As discussed by Hunter[ll]. we must also show that work performed in the plastic
region is everywhere non-negative. From the procedure outlined by Hunter[II]. this con
dition is given by

(2 !)

We show later that this criterion is satisfied for the applications of this study.
In terms of the dimensionless variables. the net axial force on the ogival nose. eqn (8).

IS

F; =: 2na~K(4CN.ll I)f' SI(~I.r)~I~1 dt
l)

where CRII is given by eqn (Ie) and /; is the dimensionless time at separation.
Projet:tih.: velocity V and cavity-expansion vclocity decrease with penetration depth.

At the end of the trajectory. datal I} from instrumented tests show deceleration jumps from
a finite value to zero. Thus. for arbitrarily small velocity V. there is a finite. quasi-static
force on the penelralor nose. Quasi-stalic, radial slress from a cylindrical. cavity-expansion
analysis[ II is

S', = T {I +In [6(1-21}.]}
2 (5-41')7

and the quasi-static. axial force is

F;, =: no ~ KS•.

(2Ja)

(23b)

This dosed-form expression F;, provides a check for the numerical evaluation of eqn (22)
for V approaching zero.

NUMERICAL EVALUATION

For this study. we focus on the radial stress distribution on the nose and axial force.
S l(~. r) and F, depend on the clastic-plastic. wave-front location ~~. where ~ ~ is in the furm
of a non-linear. dilTerential equation. Because ~.~ is singular at r = O. the solution in the
neighborhood of the nose tip (r ~ ro = 0.0(1) is computed by neglecting the second term
in cqn (2a) that reduces the solution to that of a conical nose given in Ref. Pl. An outline
for the computation for r ~ 0.00 I is:

(i) solve the differential equation for ~ ~ given by eqns (20).
(ii) numerically evaluate ~~ that is involved to compute SI (~= ';1. r) in eqn (16) (the

involvement of~" arises from Sr' sec egn (12a). and N , and N~. eqns (18a) and (18b).
(iii) compute S I (~ = ~ I. r) and continually monitor to ensure the values arc positive;

as previously mentioned. the target separates from the nose when radial stress becomes
tensile. and

(iv) compute axial force in eqn (22).
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Fig. 4. Comparison of radial stress at =/1 = 0.01 for a 6.0-CRH ogival nose and a conical nose that
neglects the second term in eqn (2a) penetrating reinforced concrete with Y = 95 MPa.

The ODE code RDEAM(11) can solve the differential equation in eqns (20) while
searching for a root of the SI function. However. a complication arises in that ~ z is needed.
WI;; decided to obtain this quantity through a numerical procedure rather than by the
complicated. analytical process of differentiating the differential equation. eqns (20). A
natural approach is to use the underlying polynomial interpolants in the Adams integration
methods used by RDEAM. This necessitated a modification of the output interpolation
proCI;;SS to provide an approximation to the next higher order derivative. Sinee the integrand
funelion for the axial force in eqn (22) depends on the initial-value problem solution and
ils derivatives. it is most convenient to perform the quadrature of the force integral as an
inilial-value dil1"crential equation. However. because this force integral also depends on ~!.

which is approximated by the output interpolation process in the modified RDEAM. this
equ~ltion cannot be carried along simultaneously with the differential equations for ~!.

Rather. another integration code must be utilized for this separate task. A one-step method
is the most appropriate in these circumstances; the Runge-Kutta code DERK F[ 13) was
utilized.

In summary. following a successful step by the root-solving ODE code (which then
ddines the interpolant used in approximating ~l' ~l' ~'!. and ~l over that step). the Runge-
Kutta method advances the force integral computation over the very same step. This
procedure is continued until the root c of S I(r) = 0 is encountered. At this time. the desired
force integral evaluation is completed.

NUMERICAL RESULTS AND DISCUSSION

In this section. we present numerical results for rigid. ogive-nose penetrators and a
concrete target. Figure 2 presents pressure-volumetric strain and shear strength-pressure
data. and eqns (3a) and (3b) model these d~tta. The 4-month concrete is described by
Po = 2.20 X 103 kg m- J. K = 9.0 GPa. Y = 95 MPa. v = 0.27, and cp = 2020 m s - I.

Figure 4 shows radial strl.'Ss vs penetration velocity from three calculations ncar the tip
(:/1 = 0.01; Fig. I) ofa 6.0-CRJI nose. The conical nose results(l] neglect the second term
in eqn (2a) and arc the exact solution from numerical evaluation of a non-linear differential
equation and a closed-form, iterative solution. Figure 4 shows excellent agreement between
the conical solutions and very close agreement between the conical and ogival solutions.
This close agreement is a check on the numerical procedure described in the last section
and offers justification for approximations (6a) and (6c) used for the elastic stress and
particle velocity at the clastic-plastic wave-front. We attribute the small difference between
the conical solution and the ogival solution with == 0.0 I to the elastic. wave-front approxi
mations. In addition. close agreement with the exact. conical solution justifies the iterative
procedure used to obtain the ogival solution.
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Figure 5 shows the radial stresses vs penetration velocity at sevcrallocations on a 6.()
CRII nose. For a given V. mdial stress is a maximum at the tip and decreases as =,/ increases.
For I' approaching zero. all values of S I approach the quasi-st,llie solution (23a).

Figure 6 shows three contours at fixed r of ((UI/~)_(('UI/i"~»in the plastic region
for a 6.0-CRII nose traveling at Vjcp = 0.5 (V = 1010 m s I). These contours show that
the criterion for non-negative work. inequality (21). is satisfied. These arc just a few examples
that show this criterion is satisfied. but we made sullkient checks for other parameters. and
we feci confident this criterion is satisfied for the applications given in this study.

Figure 7 predicts axial force vs penetration velocity for several nose shapes. As indicated
by eqn (Ic) and Fig. I, smaller values of CRff represent blunter noses. Forces on all noses
approach the quasi-static value for small V, and blunter noses have larger forces as V
increases.
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Results in Figs 4-7 are presented for a pr<lctical range (0 < V/cl' < 0.5). For this
concrete. ('I' = 2020 m s' I. <lnd 0 < V < 10 10m s' I. As discussed in Ref. [I]. field tests
with instrumented penetrators can be conducted to V = 600 m s I. In addition.
SI = Ir,'/;.... rc<lchcs a valuc of 0.056 at the nosetip for I' = 600 m s 1. From cqns (341) and
(3b). 1'/K = S I - T/2. <lOll the corresponding pressure is 450 1\1 Pa. As indic<lted in Fig. 2.
the pressure ··volumetric strain data starts to deviate from our linear assumption at abollt
this pressure.
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